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Instability and Heat Transfer in Grooved Channel Flow
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Two-dimensional laminar � ow and heat transfer in a channel with periodic grooves simulating elec-
tronic components were computed by solving the Navier– Stokes and energy equations using a high-order
� nite difference scheme. High-order accuracy was obtained using compact-differencing for spatial deriv-
atives. Beyond a critical Reynolds number, which varies signi� cantly with wall geometry, the � ow develops
and sustains large-amplitude, time-periodic, nonlinear oscillations similar to the instability of the embed-
ded shear layer. These oscillations enhance the heat transfer rate between the heated walls and the cooling
� uid. An optimal component spacing was found to exist where the � ow exhibits a substantial heat transfer
enhancement with a proportionally small increase in the driving pressure drop.

Nomenclature
a = dimensionless groove depth
a0, a1, a2 = coef� cients for compact-differencing scheme
b0, b1, b2 = coef� cients for compact-differencing scheme
cp = speci� c heat at constant pressure, J/kg K
c0, c1, c2 = coef� cients for compact-differencing scheme
d = channel half-height, m
d0, d1, d2 = coef� cients for compact-differencing scheme
h = heat transfer coef� cient, W/m2 K
k = thermal conductivity, W/m K
L = dimensionless length of the periodic � ow

domain
l = dimensionless groove length
Nu = Nusselt number, hd/k
n = iteration/temporal index; direction normal to a

surface
P = pressure, Pa
Pr = Prandtl number, cp/k
q = wall heat � ux, W/m2

Re = Reynolds number, u0d/
r = grid stretching ratio
T = temperature, K
t = time, s
u = x component of velocity, m/s
u0 = mean channel centerline velocity, m/s
v = y component of velocity, m/s
X = dimensionless length in x direction, x/d
x = length in x direction, m
Y = dimensionless length in y direction, y/d
y = length in y direction, m

= vorticity, s 1

= dimensionless temperature, kT/q d
= dynamic viscosity, kg/ms
= density, kg/m3

= dimensionless time, u0t/d
p = dimensionless time period of oscillation, 1/
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= stream function, m2/s
= dimensionless frequency of oscillation

Subscript
i = node index in the x direction

Superscripts
* = dimensionless

= � rst derivative
= second derivative

Introduction

C OOLING of electronic equipment is a constraint in the
development of faster, smaller, and more reliable elec-

tronics. Over the years, the trend toward large-scale integration
in microprocessors has resulted in higher heat � uxes at all
levels of the electronic modules.1 It has therefore become nec-
essary to optimize packaging con� gurations for better heat
transfer from these heat-producing electronic devices and to
develop newer techniques for more effective heat removal. A
substantial amount of experimental and numerical work has
been done in this area.

Moffat et al.2 and Lehmann and Wirtz3 conducted forced
convective air-cooling experiments in the turbulent regime
with an array of discrete heat sources and heated walls, re-
spectively, in a grooved channel. They developed correlations
for heat transfer rates based on � ow velocity, channel height,
and component spacing. Garimella and Eibeck4 performed
similar experiments with a water-cooled con� guration and an
array of discrete heat sources to simulate a realistic electronic
package con� guration. Correlations were obtained for both
laminar and turbulent convective heat transfer. There has also
been some effort in studying heat transfer enhancement in lam-
inar � ows by inducing and sustaining � ow instability through
� ow modulation. The object of this was to obtain heat transfer
rates comparable to turbulent � ows without the accompanying
large pressure drops. Greiner5 conducted experiments on the
hydrodynamic resonance in a grooved channel geometry and
studied the effect of induced � ow instability on heat transfer
rate in laminar � ow. For a similar geometry, Ghaddar et al.6,7

used a high-order spectral element method to compute � ow
and heat transfer. They showed that for a speci� c geometry
and Reynolds numbers larger than a critical value of 9.75
102, the � ow when perturbed, developed and sustained periodic
oscillations. They also demonstrated a signi� cant heat transfer
enhancement by perturbing the mean � ow with small-ampli-
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Fig. 1 a) Schematic of a grooved channel with the computational domain shaded, b) geometry of a computational unit of the � ow domain,
and c) a typical grid used in the simulations.

tude disturbances at resonant frequencies. Amon and Mikic,8

Amon,9 and Nigen and Amon10 studied the dependency of the
heat transfer characteristics on the geometry of a grooved
channel and compared the relative in� uence of turbulence, ac-
tive � ow modulation, and self-induced and sustained � ow in-
stability on the enhancement of heat transfer. Though higher
degrees of � ow instability and, consequently, heat transfer
rates could be obtained by active � ow modulation, it is obvious
that periodic and continuous perturbation of the � ow is im-
practical in most cases. However, if the � ow could be naturally
induced in the laminar regime to sustained instability by the
control of certain key � ow parameters, higher heat transfer
rates would be effortlessly obtained. Little effort was found in
all of the previous numerical work to study self-induced os-
cillations and, speci� cally, their variations with the geometry
of the channel. Here, in addition to reproducing some of the
earlier numerical results, the effect of the geometry, speci� -
cally that of the groove length, on the characteristics of self-
sustained � ow oscillations and the heat transfer rates is studied.

From previous numerical and experimental investigations, it
is apparent that the laminar � ow in a channel with grooves or
blocks becomes unsteady at relatively low Reynolds numbers.
As can be expected, this has been shown to cause enhancement
of heat transfer from the channel walls and is consequently an
important and desired effect. To capture the unsteadiness in
the � ow, a highly accurate numerical scheme is required. To
this effect only a few schemes have been used: the spectral–
element method by Ghaddar et al.6,7 and a third-order � nite
volume scheme by Pereira and Sousa.11 The spectral– element
method, though offering high accuracy, is extremely dif� cult
to implement for complex � ow situations. Compact-differenc-
ing, also known as Hermitian techniques, has been in limited
use for a long time. In one of the earliest works, Hirsh12 dem-
onstrated the use of compact-differencing in � uid dynamics
problems by solutions of the one-dimensional Burgers equa-
tion, the boundary-layer equation, and the steady two-dimen-
sional driven-cavity problem. Subsequently, Adam13 used com-
pact-differencing to solve one-dimensional nonlinear equations
and developed stencils for the � rst and second derivatives on
a nonuniform grid. Ciment et al.14 developed compact stencils
for the combined � rst and second derivative terms in a one-
dimensional Navier– Stokes-like equation, and reported a re-
duction in computational effort for the same solution accuracy.
Gupta15 and Dennis and Hudson16 used compact-differencing
to solve the one-dimensional unsteady and the two-dimen-
sional steady Navier– Stokes-type equations. They managed to
remove the derivative terms entirely and obtained the solutions
by a nested iterative technique based on a nine-point formu-

lation. In a recent work, Lele17 studied classes of compact-
difference stencils and demonstrated their accuracies by com-
puting the solution for the spatial evolution of two supersonic
mixing layers. The use of these high-order schemes, however,
results in a pentadiagonal system of equations, which is com-
putationally time consuming and requires the speci� cation of
boundary conditions at the boundary and next interior levels.
Except for the supersonic mixing layer, there was no compli-
ance of solution at a physical boundary, thus a dif� culty in
applying compact differencing to solving the Navier– Stokes
equations is avoided. The formulation by Hirsh,12 though, in-
corporated time integration of the solution, but as the author
mentioned, his implementation did not ensure time accuracy.
Most recently, compact-differencing techniques have been suc-
cessfully used to solve wave propagation problems.18 The in-
herent dif� culties in using compact-differencing techniques for
solving the Navier– Stokes equations are the treatment of the
boundary values and their derivatives and the solution of a
large system of coupled equations. Techniques adopted to
tackle these dif� culties are discussed in the following two sec-
tions.

Problem Formulation
Although the geometry of a grooved channel can mimic a

variety of practical � ow situations, the emphasis of this paper
is on enhancing the heat transfer performance in electronic
cooling and, consequently, appropriate references and simpli-
� cations pertaining to this were accounted for. The geometry
of an electronic package is typically three dimensional and
irregular. For simplicity, a channel with periodic grooves as
shown in Fig. 1a is considered. At distances far from the inlet,
four to � ve components downstream,2 the � ow is assumed to
be two dimensional, hydrodynamically and thermally fully de-
veloped, and self-repeating as the grooves. Thus, only a unit
of � ow domain as the shaded region in Fig. 1a is considered.
Figure 1b shows the geometry of the � ow domain.

The governing equations for the � ow are
Continuity:

v̄ = 0 (1)

Momentum:

v̄ 1 2v̄ v̄ = p v̄ (2)
t
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Energy:

T k 2v̄ T = T (3)
t cp

The effects of viscous dissipation and natural convection are
neglected. The thermophysical � uid properties are assumed to
be constant. The equations are nondimensionalized using the
channel half-height d, and the mean channel centerline velocity
at the inlet, i.e.,

d

1
u = u(0, y) dy0

2d d

and cast into a stream function– vorticity form:

2 * = * (4)

2 2* * * 1 * *
u* v* = (5)2 2X Y Re X Y

2 21
u* v* = (6)2 2X Y RePr X Y

where

u v x y
u* = v* = X = Y =

u u d d0 0

(7)
u t kT u d c0 0 p

= = Re = Pr =
d q d k

* *
u* = v* = (8)

Y X

v* u*
* = (9)

X Y

The pressure term is thus eliminated and can be recovered
from the vorticity and stream function � elds at any time. Here,
only the pressure drop across the � ow domain is of practical
interest. A boundary-layer-type order-of-magnitude analysis of
the governing equations led to the following simpli� ed ex-
pression for the dimensionless pressure P*:

2u* 1 P* 1 u*
= 22 X Re Y

where

P
P* = (10)2(1/2) u 0

which can be integrated over time and space for the average
pressure drop. The superscript *, denoting dimensionless var-
iables, will be omitted for simplicity; and all variables en-
countered from this point on are dimensionless unless men-
tioned otherwise.

The channel walls as streamlines themselves are assigned
constant stream function values: = 1 along the top wall and

= 0 along the bottom wall. The stream function at the inlet
and exit is assumed periodic, i.e.,

=x=0 x=L

The vorticity values at the channel walls where the velocity

components satisfy the no-slip condition are computed accord-
ing to the following formulas:

2u
= or = 2Y Y

for walls parallel to the x axis.
Similarly

2v
= or = 2X X

for walls parallel to the y axis.
As with the stream function, the vorticity values are identical

at the inlet and exit, i.e.,

=x=0 x=L

The bottom channel wall is subject to a constant heat � ux,
while the top channel wall is treated as adiabatic. Unlike vor-
ticity and stream function, the temperature increases in the
streamwise direction because of heat addition from the com-
ponents. Nevertheless, in the thermally developed � ow regime,
the temperature can be split into a static component that in-
creases uniformly in the streamwise direction as a result of
heat addition and a periodic component that � uctuates with the
geometry,6,7 i.e.,

(L 2a)/d
=x=L x=0

RePr

(L 2a)/d is the total dimensionless heated length of the chan-
nel wall in the � ow domain considered. Thus, the periodic
component of the temperature � eld is identical at the inlet
and exit, i.e.,

=x=0 x=L

The thermal boundary conditions for the channel walls reduce
to the following: / n = 1 for the bottom wall (constant heat
� ux) and / n = 0 for the top wall (adiabatic), where n de-
notes the direction normal to the wall.

Solution Method
The governing equations are discretized using high-order

compact-differencing and the solution is advanced in the time
direction. A rectangular nonuniform grid (Fig. 1c) with a � ne
spacing of 0.015 dimensionless units close to the walls and a
stretching factor of approximately 1.1 are used.

Compact-Differencing Technique

Compact-differencing is a high-order � nite differencing
technique in which the function values and their spatial deriv-
atives at the neighboring points are related. A typical compact-
differencing stencil for the � rst derivative is

b f b f b f0 i 1 1 i 2 i 1a f a f a f = (11a)0 i 1 1 i 2 i 1
xi

where the coef� cients a0, a1, a2, b0, b1, and b2 are functions of
the local grid spacing, xi = xi xi 1 (e.g., Ref. 15). They are
conveniently expressed here in terms of the local grid expan-
sion ratio r:

2 2a = r a = (r 1) a = 10 1 2

2 22r (r 2) 2(r 1) (r 1) 4r 2
b = b = b =0 1 2

r 1 r r(r 1)

where

r = x / x (11b)i 1 i
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and similarly for the second derivative

d f d f d f0 i 1 1 i 2 i 1
c f c f c f = (12a)0 i 1 1 i 2 i 1 2x i

expressed as

3 4 3 2r(1 r 2r) (r 5r 8r 5r 1)
c = c =0 1

12(r 1) 12(r 1)
(12b)

3 2r 2r 2
c = d = (r 1) d = r d = 12 0 1 2

12(r 1)

The truncation error of the previous approximation for the
� rst derivative has a leading term proportional to ( xi)

4 , andvf i

that for the second derivative proportional to ( xi)
3 . Thus,vf i

the three-point compact-differencing scheme offers at least a
third-order accuracy for computing up to the second spatial
derivative on a nonuniform grid, which is a substantial reduc-
tion of numerical dissipation and dispersion inherent to lower-
order � nite difference schemes. Higher levels of accuracy can
be obtained with stencils having larger data bandwidths, but
at the expense of substantially lower solution ef� ciencies and
increased dif� culties in specifying consistently accurate bound-
ary conditions.

Numerical Scheme

The vorticity transport equation is split and solved in an
alternating direction implicit (ADI) fashion with the convec-
tive terms expressed explicitly using the three-level Adams–

Bashforth formulation and the diffusive terms implicitly using
the Crank– Nicolson scheme, i.e.,

n 1/2 n n 1/2 n n 1/23 1 3 1

2 X 2 X 2 Y 2 Y

2 n 1/2 2 n 2 n1 1
= 2 2 22Re X X Re Y

(13)
n 1 n 1/2 n n 1/2 n3 1 3 1

2 X 2 X 2 Y 2 Y

2 n 1/2 2 n 1 2 n 1/21 1
= 2 2 2Re X 2Re Y Y

The vorticity transport equation is thus reduced to two sets of
equations having a tridiagonal data structure that can be solved
ef� ciently, but in each of the ADI steps a large amount of
computation is also required for evaluating the convective and
diffusive terms according to the compact formulas, Eqs. (11)
and (12). This is compensated for by the high solution accu-
racy rendered on relatively coarse grids. The Poisson equation,
Eq. (4), is discretized to the same level of accuracy using a
nine-point stencil and solved by Gauss– Seidel iterations until
convergence is reached with a maximum relative change in the
stream function values between successive iterations of less
than 0.01%.

Unlike the formulation of Hirsh,12 where the convective
terms were implicitly solved as a computationally intensive
block tridiagonal equation system, the explicit Adams– Bash-
forth time-extrapolation of the convective terms used here re-
quires only the solution of simple tridiagonal systems, but
places a restriction on the maximum time step for numerical
stability. The time steps used for the present work were of the
order of 10 3 dimensionless units or correspondingly a Courant
number of 0.3.

The use of the ADI formulation may introduce nonphysical
quantities at half-steps and caution must be taken to ensure
that at these steps physically meaningful boundary conditions
are being enforced. Here, vorticity values extrapolated from

previous time instances are used for solving the stream func-
tion values. The overall accuracy of the formulation is there-
fore of ( t 2, x 3). However, since for high Reynolds number
� ows the importance of the diffusive terms is con� ned to thin
layers near the walls and the shear-layer, the predominant con-
vective terms are practically fourth-order accurate over the rest
of the � ow region.

Boundary Point Stencils

For computing the function values and their derivatives at
boundary points, one-sided compact-differencing-like formu-
lations one order less accurate than the corresponding stencil
for interior points are incorporated. The stencils for the three
kinds of derivative boundary conditions encountered in the
present study are as follows.

Second derivative with a nonzero � rst derivative at the
boundary:

r 2 6 1 1 1
f f = f f f0 1 0 1 22 2 2 3r 1 x r 1 r r r r1

(14)

where the subscripts 0, 1, and 2 refer to the wall and its two
adjacent interior points, respectively.

Second derivative with a zero � rst derivative:

6
2 f f = ( f f ) (15)0 1 0 12x 1

First derivative:

2
f f = ( f f ) (16)0 1 0 1

x1

Nusselt Number

In the present work, only the time- and space-averaged Nus-
selt number used by Ghaddar et al.7 as a measure of heat trans-
fer performance is computed, i.e.,

2(L 2a) /L
Nu = (17)

[ ]wall ref

bottomwall

where the reference mixed-mean-temperature ref at the inlet is
de� ned to have easy comparison with corresponding measured
values in experiments:

1

3
= u(y) (y) dy(x = 0)ref

4 1

Numerical Error

The numerical scheme, as mentioned earlier, has an overall
third-order accuracy in space and second-order accuracy in
time. Simulations with grids of various degrees of coarseness
were conducted to determine the required resolution for grid-
independent solutions. The exact solution for the problem is
not known, and so the maximum error is estimated to be about
2% by comparing the solutions on regular and � ne grids with
twice the grid points. The same grid is used for � ows with
comparable Reynolds numbers. A few solutions presented here
were computed with half the time step to ensure consistence
and time-step independence.

Results
First, the results for con� gurations similar to those of Ghad-

dar et al.6,7 are presented to validate the numerical scheme.
Second, the results for a different geometry demonstrating the
variation of the stability boundary and the effects of linear and
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Table 1 Comparison of the most ampli� ed
frequencies

Geometry
(a = 1.1111, Re = 5.25 102)

, present
work

, Ghaddar
et al.6

L = 6.6666, l = 2.2222 0.143 0.142
L = 5.5554, l = 2.7777 0.074 0.07
L = 4.4444, l = 2.2222 0.1 0.1
L = 3.0, l = 1.5 0.148 0.154

Table 2 Comparison of Nusselt numbers

Re
Nu,

present work
Nu,

Ghaddar et al.7

2.25 102 0.98 1.1
5.25 102 1.07 1.12

Fig. 2 Perturbations in � ow measured by the y component of the
inlet centerline velocity at x = 0 y = 0, showing decreasing stability
with increasing Re = a) 5.25 102, b) 7.25 102, and c) 8 102

for L = 4.4444, l = 2.2222, and a = 1.1111.

nonlinear � ow instabilities are studied and presented. Finally,
the heat transfer characteristics of geometries with different
groove lengths are presented, and the effect of nonlinear in-
stability on heat transfer enhancement is discussed.

Reproduction of Earlier Results

To compare the accuracy of the scheme and validate sub-
sequent results, simulations were performed � rst for geome-
tries identical to those used by Ghaddar et al.6 Steady � ows
were computed into which small perturbations were introduced
to identify the most amplifying (least damping) frequency as
the geometry varies (L from 6.6666 to 3.0 and l from 2.2222
to 1.5). A comparison of these frequencies showing excellent
agreement is presented in Table 1. For the baseline geometry
(L = 6.6666, l = 2.2222, and a = 1.1111), the critical Reynolds
number marking the onset of ampli� cation of disturbances de-
termined by Ghaddar et al.6 was 9.75 102, and the present
method predicted sustain periodic oscillations at a Reynolds
number of 1 103, thus con� rming their results and validating
the accuracy of the present numerical scheme. The Nusselt
numbers at two Reynolds numbers (2.25 102 and 5.25
102) were computed and compared in Table 2 with those from
Ghaddar et al.7 for L = 6.6666, l = 2.2222, and a = 1.1111,
showing again a good agreement. No effort was made to ac-
count for the small quantitative differences (less than 10%) in
these predictions.

In addition, the scheme was also adapted to compute the
� ow and heat transfer characteristics for geometries similar to
experiments conducted by Li et al.19 The numerical simulations
were consistent with measurements from the experiments.

Onset of Instability

The baseline geometry in the present work, L = 4.4444, l =
2.2222, and a = 1.1111, differs from the one used by Ghaddar
et al.,6,7 in that the distance separating the grooves is smaller
by half. The reason for choosing this slightly different geom-
etry was to study the effect of geometry on the stability bound-
ary and to have a smaller computational domain and, conse-
quently, fewer computational resources.

Over a range of Reynolds numbers steady � ows were com-
puted and perturbed slightly with a perturbation of about 5%
of the mean � ow. In all subsequent � ow � uctuation studies,
the y-velocity component at the middle of the channel inlet
(x = 0, y = 0) was monitored as a � ow stability measure. Figure
2a shows the decay of the imposed perturbation with time for
Re = 5.25 102, and Fig. 2b shows a slower decay for 7.25

102. The ampli� cation rate of these perturbations suggests
a linear dependency and when extrapolated becomes positive
at Re = 7.65 102, beyond which the � ow would amplify the
slightest disturbance containing the resonant frequency and be-
come unstable. As expected, the � ow computed for Re = 8
102 developed instability and sustained periodic oscillations
(Fig. 2c). Between the regimes of stable and unstable � ows,

there lies a region of neutral stability where the � ow when
slightly perturbed would return to a steady state, but if the
� ow was signi� cantly perturbed it would transit into the un-
stable region and develop sustained oscillations. It was found
that the steady � ow at Re = 7.25 102 developed sustained
oscillations in a manner similar to the � ow shown in Fig. 2c,
when perturbed disturbances exceed 10% of the mean � ow.

The results presented previously show a reduced critical
Reynolds number from 1 103 to 7.65 102 as L is reduced
from 6.6666 to 4.4444, con� rming quantitatively that the � ow
tends to be less stable for smaller L.6

Nature of Instability

This section describes the transition from a steady � ow to
its nonlinear unstable state. The results obtained here help ex-
plain the heat transfer dependence on the geometry in the next
section, for which the geometry was chosen. As shown in later
sections, the analysis is, nonetheless, general and applicable to
similar � ows.

For L = 5.5555, l = 3.3333, a = 1.1111, and a supercritical
Re = 6.5 102, the � ow develops self-sustained periodic os-
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Fig. 3 Sustained velocity oscillations and their a) amplitude, b)
frequency, and c) variations with time for Re = 6.5 102, L =
5.5555, l = 3.3333, and a = 1.1111.

Fig. 4 Streamlines depicting � ow at four instances. t = a) 0, b)
2 p/7, c) 4 p/7, and d) 6 p/7, during one period of oscillation for
Re = 6.5 102, L = 4.7777, l = 2.5, and a = 1.1111.

cillations. Figure 3a shows the three distinct stages of devel-
opment of the velocity at the reference point as a function of
time: 1) the initial decay of the imposed oscillations, 2) the
exponential growth of the � ow oscillations, and 3) the reduc-
tion of ampli� cation rate to oscillations with a constant am-
plitude. In the � rst stage, since the initial perturbation was
introduced at no speci� c frequency, there is a decay of the
components of perturbation with frequencies far removed from
the most ampli� ed frequency and the oscillations correspond-
ing to the most ampli� ed frequency of the � ow become dom-
inant. Excluding the decays in the � rst stage, Figure 3b shows
the variation of the amplitude of oscillation with time on a
semilog scale. An analysis of the ampli� cation indicates two
distinct exponential rates of growth of the oscillation ampli-
tude. The transition from the slower to the faster growth rate
occurs at about t = 400. Beyond about t = 530, the growth
rate deviates from exponential as the amplitude of oscillation
approaches a constant. Figure 3c shows the variation of the
average frequency of two cycles of oscillation with time. The
variation of the � ow frequency from cycle to cycle is not
smooth, especially in the initial stage, because of the different
rates of decay for different frequencies of oscillation and the
discrete nature of the data. It is seen that the frequency shifts

from higher values to, and stays at, the most ampli� ed fre-
quency of about 0.075 Hz for a period of time, and then moves
monotonously toward a higher value of about 0.079 Hz. A
comparison of Fig. 3b and Fig. 3c shows the slower ampli� -
cation rate lasts until the oscillations settle to the most ampli-
� ed natural frequency of about 0.075 Hz. As expected, the
ampli� cation rates are substantially lower for oscillations at
frequencies other than the natural frequency. At around t =
530, the amplitude of oscillations becomes large enough to
cause a breakdown of the shear layer, which has remained
intact until this stage. Typical � ow patterns spanning one cycle
of oscillation are shown in Fig. 4. This breakdown of the shear
layer causes the � ow to transcend from the linear instability
regime to that of nonlinear instability as characterized by the
deviation from the exponential growth at about t = 530 in Fig.
3b. In the regime of nonlinear instability, the � ow experiences
a gradual shift of the natural frequency to 0.079 Hz. Ghaddar
et al.7 also observed this shift in the frequency of the most
ampli� ed oscillations in their experiments with externally in-
duced and sustained � ow oscillations, and reported similar fre-
quency shifts as the oscillation amplitude increased. A different
study with L = 4.7777, l = 2.5, a = 1.1111, and Re = 6.5
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Fig. 5 a) Streamlines, b) vorticity contours, and c) temperature
contours for a steady � ow of Re = 6.5 102, L = 4.4444, l = 2.2222,
and a = 1.1111.

Fig. 6 Vorticity contours at four instances. t = a) 0, b) 2 p/7, c)
4 p/7, and d) 6 p/7, during one period of oscillation for Re = 6.5

102, L = 4.7777, l = 2.5, and a = 1.1111.

102, showing an identical pattern of � ow development, con-
� rms this natural process of onset of nonlinear instability for
the kind of geometry discussed.

Heat Transfer Results

The emphasis in electronic packaging is the arrangement of
heat-generating components of given dimensions in a way to
ensure maximum heat removal. To this aim, the parameters to
be speci� ed are the space between components, the distance
between circuit boards, and the � ow velocity measured by Re.
Some effects of these parameters on the heat removal rates had
previously been investigated. Ghaddar et al.6 reported that the
resonant frequency for any geometry was not dependent on
the depth of the groove and cited supporting experimental
work for their observation. Consequently, similar investiga-
tions were not conducted in this paper. Ghaddar et al.6 also
mentioned, with experimental support, that increasing the
groove length tends to destabilize the � ow. Thus, it can be

expected that increasing l beyond a certain point for a � xed
Re would promote self-induced instability, and consequently,
yield higher heat transfer rates. Here, the range of l was chosen
from 1.1111 to 4.4444 with a � xed component length L l =
2.2222. A Reynolds number of 6.5 102 was chosen such
that the � ow would vary from stable to unstable states as the
component l increases, and the Prandtl number was assumed
unity.

The � ow is steady up to l = 2.2222. The streamlines, vor-
ticity, and the temperature � elds for this � ow are shown in
Figs. 5a, 5b, and 5c, respectively. There is a pronounced shear
layer across the groove lip according to the steep gradients in
both the streamline and vorticity contours. The channel � ow
pro� le is very similar to the Poiseuille � ow in a plane channel.
A comparison of the velocity magnitudes in the channel and
the groove regions reveals a very weak vortex in the groove.
The streamline density in the groove region is 10 times that
in the channel region. It is obvious from the stable shear layer
that there is very little communication between the bulk chan-
nel � ow and the groove vortex, and the only means of heat
removal from the groove vortex is by conduction across this
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Fig. 7 Time-averaged isotherms showing enhanced heat transfer
for Re = 6.5 102, L = 4.7777, l = 2.5, and a = 1.1111.

Fig. 8 Variation of a) Nusselt number, b) dimensionless pressure
drop, and c) Nusselt number per unit pressure drop with increas-
ing groove length l.

Fig. 9 Energy levels of Fourier components for � ows with self-
sustained oscillations showing shifting of dominant frequencies
with increasing l from a) l = 2.5, L = 4.7777; b) l = 3.3333, L =
5.5555; c) l = 3.8888, L = 5.0; and d) l = 4.4444, L = 6.6666 for
Re = 6.5 102 and a = 1.1111.

shear layer. This is seen in the high-temperature gradients nor-
mal to the surface of the heat-generating element and across
the shear layer in Fig. 5c. This results in high temperatures in
the groove region and the groove walls. For l = 2.5, the � ow
becomes unsteady and assumes a time-periodic structure as
shown in Fig. 4 by the streamlines at four instances of a period
of oscillation. Figure 6 shows the corresponding vorticity con-
tours. The frequency of the oscillation is 0.096 Hz. It is seen

that the shear layer is destabilized and that the bulk channel
� ow periodically breaks down the shear layer and ejects parts
of the groove vortex. During this stage, the interactions be-
tween the bulk channel � ow and the groove vortex reduce the
size of the groove vortex core, increase the � ow velocities in
the core, enhance, consequently, the heat transfer in the core,
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and result in lower � uid and wall temperatures in the groove
as seen from the time-averaged isotherms in Fig. 7.

These results are summarized in the variations of Nusselt
number in Fig. 8a and the normalized pressure drop p* in
Fig. 8b with l. Increasing l, in general, corresponds to increas-
ing Nu and p* across the � ow region. This trend has been
observed experimentally by Moffat et al.,2 Lehmann and
Wirtz,3 Garimella and Eibeck,4 and other researchers and has
been attributed to the increase in the heat transfer length across
the shear layer. When the � ow becomes unstable for l >
2.2222, the heat transfer rate is substantially higher because of
the breakdown and interactions of the groove vortex with the
bulk channel � ow. The increase in Nu continues up to l =
3.3333, suggesting the presence of an optimum component
spacing for a maximum heat removal rate. What is of greater
consequence is that this increase is not accompanied by a cor-
responding increase in p*. Figure 8c shows that the Nu/ p*
ratio has a constant value for l < 2.2222, the critical length for
stable � ow, suggesting that both the increases in heat transfer
and pressure drop are caused by the longer � ow domain. It
also reveals a distinct peak in Nu/ p* and identi� es the opti-
mum l at 2.5, beyond which the ratio drops dramatically.

A Fourier analysis of the oscillatory � ow velocity was per-
formed and the results are presented in Fig. 9. It is seen in
Figs. 9a and 9b that the fundamental frequency of the self-
sustained � ow oscillations decreases with increasing l. At l =
3.8889 (Fig. 9c), the � ow exhibits two dominant frequencies
and correspondingly two dominant modes of oscillation. The
predominant frequency of oscillation at 0.15 Hz is a large jump
from the corresponding frequency of 0.079 Hz for l = 3.3333.
The latter is closer to the less dominant frequency of 0.067
Hz. For l = 4.4444 (Fig. 9d), the � ow exhibits a single dom-
inant frequency of a lower value at 0.14 Hz and a wave num-
ber of 2. It is seen that there is an abrupt transition of � ow
structure at a critical l to that with a wave number of 2. All
peak values in Nu/ p* in similar numerical experiments with
different sets of parameters have been found at the largest
component length for which the wave number is 1.

Conclusions
A high-accuracy numerical scheme based on compact-dif-

ferencing is successfully adapted to solve the two-dimensional
Navier– Stokes equations for the � ow and heat transfer in a
grooved channel geometry. The accuracy of the scheme is val-
idated by comparing with results from published numerical
work. It is found that for Reynolds numbers beyond a critical
value, depending sensitively on the geometry, the � ow devel-
ops and sustains periodic oscillations that lead to heat transfer
enhancement. The growth of these oscillations and transition
from a linearly unstable to a nonlinear unstable � ow occur in
four stages: 1) the culmination of the most ampli� ed unstable
mode from board-banded disturbances, 2) the exponential
growth of the most ampli� ed unstable mode, 3) the destruction
of the disturbance-amplifying mean shear layer by the ampli-
� ed large disturbances, and 4) the cyclic formation and self-
destruction of large unstable disturbances. A distinct peak in
Nu/ p* is found in our numerical experiments. This peak sug-
gests the optimum distance for the placement of heating ele-
ments for heat transfer in an electronic package without a sub-
stantial penalty in increased pressure drop is that for which
only the fundamental mode of instability is excited.
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